Summation formulae involving the Laguerre polynomial  by Exton, H.
ELSEVIER Journal of Computational nd Applied Mathematics 100 (1998) 225-227 
JOURNAL OF 
COMPUTATIONAL AND 
APPLIED MATHEMATICS 
Letter to the Editor 
Summation formulae involving the Laguerre polynomial 
H. Exton 
Nyuogel, Lunabister, Dunrossness, Shetland ZE2 9JH, UK 
Received 24 January 1998; received in revised form 23 February 1998 
Abstract 
A general result involving the generalized hypergeometric function is deduced by the elementary manipulation of 
series. Kummer's first theorem for the confluent hypergeometric function and two summation formulae for the Gauss 
hypergeometric function are then applied and new summation formulae involving the Laguerre polynomial are deduced. 
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The Laguerre polynomial is a terminating form of the confluent hypergeometric function given by 
a Ln(x)-(a + 1,n) f l [ -n ;a  + 1;x] (1) 
and occurs frequently in many branches of pure and applied mathematics ( ee, for example, 
[1, p. 268]). 
The Pochhammer symbol (a,n)= F(a + n)/F(a) is frequently used in the course of this paper as 
is the generalized hypergeometric function 
AFB[al, a2,. .., aA; hi, b2,..., bB; X] 
= E [(at, n)(a2, n). . .  (aA, n)xn]/[(bl, n)(b2, n). . .  (bB, n)n!], (2) 
n 
which has been exhaustively studied by many authors uch as Slater [3] and Exton [2]. 
Numerous ummation formulae involving the Laguerre polynomial are known, and in this note 
expressions of this type not previously recorded in the literature are obtained by applying two 
summation formulae for the Gauss hypergeometric function to a quite general result deduced by 
the elementary manipulation of series. All indices of summation are taken to run over all of the 
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non-negative integers. Any values of parameters leading to results which do not make sense are 
tacitly excluded. 
Consider the double series (assumed to be absolutely convergent or terminating) 
S = ~ [(d,m + n)xm+"ymCn]/[m!n!(e,n)]. 
m,n 
Replace m + n by N and after re-arranging, we have 
Put 
S = ~ [ (d ,N)x"yU-"c , ] / [ (e ,n )n! (N  - n)!]. 
n,N 
(3) 
(4) 
2Fj[a,b; 1 + a - b ; -1 ]  = IF(1 + a - b)r(1 + a/2) ] / [ r (1  + a)r(1 + a/2 - b)] 
(Kummer's ummation theorem) 
which are included in Appendix III of Slater [3]. 
If, in (8), all of the 'a' parameters are suppressed and one of the 'h' parameters i  retained, then 
after suitable specialization, (9) and (10) can be employed to sum the inner hypergeometric function 
on the fight of (8). 
(10) 
and 
Cn = [(al, n)(a2, n) . . .  (aA, n)]/[(hl,  n)(h2, n) . . .  (hn, n)] (5) 
and equate (3) and (4). With a slight modification of the notation, we have the transformation 
[(d, n)(al ,  n)(a2, n) . . .  (aA, n)xnyn]/[n!(hl ,  n)(h2, n) . . .  (hn, n)] IF1 [d + n; e; x] 
= [(d, n)x"]/[(e,  n)n!]A+zFH[al, a2, . . . ,  aA, 1 -- e -- n, --n; hi, h2 . . . .  , hH; y]. (6) 
This expression is a special ease of a result given by Slater [3, p. 60] and obtained by other means. 
Erdelyi [1, p. 253] has listed the formula 
1Fl[a; c;x] = exp(x) lF l [C -- a; c; --x] (7) 
known as Kummer's first theorem. 
If (1) and (7) are applied to (6), then after putting d=e,  a quite general summation formula 
involving the Laguerre polynomial is obtained, namely 
[(al, n)(a2, n) . . . (aA, n)x"  y"]/[(hl ,  n)(h2, n) . . . (hH, n)n! ]Le- l (x )  
n 
= exp(x) ~ [x"/n!]A+zFu[al,a2,... ,aA, 1 -- e -- n, --n; hi,h2 . . . . .  hn; y]. (8) 
n 
Considerable simplification can be achieved if the inner hypergeometric on the fight is summable in 
closed form. This can be effected by using the results 
2F1 [a, -n;  c; 1] = (c - a, n)/(c,  n) (Vandermonde's theorem) (9) 
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Put y = 1 and apply (9) when, 
2Fl[1 - e -- n , -n ;h ;  1] ---(h + e - 1 + n,n) / (h ,n )  
= [(h/2 + e/2 - 1/2, n)(h/2 + el2, n)4"]/[(h + e - 1, n)(h, n)]. (11 ) 
On inserting this result into (9), we have, after some manipulation 
x "/[n !( h, n )]L e - ~ (x) = exp(x)2F2 [hi2 - 1/2 + el2, hi2 + el2; h, h - 1 + e; 4x]. (12) 
n 
Put y=-  1, h=2-  e and apply (10), when 
2F1[1 - e -  n, -n ;2 -  e; -1 ]  
= [ r (2  - e ) r (3 /2  - e /2  - n/Z) ] / [F (2  - e - n)F (3 /2  - e /2  + n /2) ] ,  (13)  
which leads to the result 
exp( -x )  ~ ( -x ) " / [ (2  - e, n, n)]L e- l(x) 
n 
= .F2[e/2; 1/2,3/2 - e /Z ; -x  2] +x(1  - e)(1 - e/2) - ' l Fz [e /2  + 1/2; 3/2,2 -- e/2; -x2] .  (14) 
A similar expression may also be deduced from (10), noting that 
2F, [ -n ,  1 - e - n; e; -1 ]  = F(1 - n/2) /F(1 - n )= 7rl/22"/F(1/2 -- n/2). (15) 
Hence, from (8), 
~_, ( -x  )"/[ ( e, n )n! ]Le-' (x ) = exp(x)rc '/2 ~ [xZ"4"]/[ (Zn )! F(1/2  - n)] 
n II 
= n 1/2 exp(x - x2). 
From (14), with e= 3, the following interesting special case is obtained: 
exp(x) ~ ( -x )" / [ (  1/2, n)lL~/2(x) = oF, [ - ;  1/2; -x  2] - 2x0F, [ - ;  3/2; -x  2 ] 
n 
= Cos(2x) - Sin(2x). 
(16) 
(17) 
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